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Abstract: This paper is dedicated to defining and studying for the first time a 
two-fold algebra over the neutrosophic real number ring by merging the fuzzy set 
mapping with the algebraic operations of the neutrosophic real number ring. 

Also, we study the elementary algebraic properties of the defined two-fold algebra 
through its algebraic operations and substructures such as homomorphisms and 
ideals. 

Keywords: two-fold algebraic structure, neutrosophic ring, fuzzy set, two-fold 
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Introduction 

The concept of fuzzy algebraic structure is considered as a direct application of 
fuzzy sets and fuzzy mappings [1-2, 4, 6-8], where a fuzzy mapping with truth and 


falsity value is used to build many algebraic structures. 
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Also, the concept of neutrosophic set was used by many different authors to 
generalize classical algebraic structures by using logical conditions instead of 
algebraic elements [13], where we can see neutrosophic rings, neutrosophic 
matrices, and neutrosophic mappings [5, 9-12]. 

Recently, Smarandache in [14] has defined two-fold neutrosophic algebras as novel 
algebraic structures, and this new concept has been used in [16] to define two-fold 
fuzzy algebra by combining the standard fuzzy number theoretical system defined 
in [15], with the concept of two-fold algebraic structure, and many interesting 
theorems and examples were illustrated about this topic. 

On the other hand, Hatip et.al [17], have combined real vector spaces, complex 
vector spaces, and algebraic modules with a fuzzy well-defined mapping to define 
and study two-fold fuzzy vector spaces and two-fold fuzzy modules, where they 
studied many elementary properties of these new structures. 

This has prompted us to define and study for the first time a two-fold algebra over 
the neutrosophic real number ring by merging the fuzzy set mapping with the 
algebraic operations of the neutrosophic real number ring. 

For more details about two-fold structures, and their properties, see [14, 16-17]. 


Main discussion 


Definition: 
| _. (f(0) = 0 . 
Let f:R > [0,1] with: fl) =V then f is called a fuzzy mapping. 
w : oe : : f)=0. 
e use this definition of fuzzy mappings, that is because the property f(l) =1 is 


very useful in algebraic structures and operations. 

Example: 

To understand the concept of fuzzy mapping, we will illustrate two different fuzzy 
mappings defined on the real field R. 

Define: f,g,h:.R — [0,1] such that: 
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Rif Lex = 1 Ix°| if-1<x<1 
f%)= ae ved or x<—-1, gg) = aif eed or x<-1 
0.4 if x=-1 0.6 if x=-1 


We can see that f and g lie in the closed interval [0,1], with (0) = g(0) = 0, f(1) = 
g(Q) = 1. 

Definition: 

Let RU) ={x+yl ;x,y€R ,I*? =1} be the ring of neutrosophic real numbers , 


We define fj: RU) > [0,1]: ff@ + yl) = max(f (x), f(y) 


be a fuzzy mapping 


And R,,(/) = {(x +V) piteiyiy GLY € R} is called the two- fold neutrosophic real 
numbers fuzzy algebra (NRNFA). 

Definition: 

The algebraic operations on R,,(/) are defined as: 

"a Rr,W) X Re,@) > such that: R-,Z) 

0: =-Ry, () X R,,() > Rr, WD) 

(x+ WD) pcryn * 2+ OD grey = (e+ 2404+ Op fordso+on 

&+wWD py xsyr © Zt ee = x Z+M (xt + yz + yt) pp xz rcateyztyt)] 
Theorem 1: 

1] *,o are commutative operations. 

2] *,o are associative operations. 

3] *has 0, as an identity, o has 1, as an identity. 

4] © is distributive with respect to *. 

5] Every (x + yl) ¢,(¢+y1) has an inverse with respect to (*). 

6] (x + yI)¢(x+yn has an inverse with respect to (©) if and only if:x #0. x+ 
y#0 


Definition: 
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Let P = Ay + Axl be an ideal of R(I), then we define the corresponding two-fold 
ideal as follows: 

Pe ={(x+yDpccryyn © Rp (D3 x+y! € P} 

Definition: 

Let P = Ay + A,I be an AH-ideal of R(I), then we define the corresponding 
two-fold AH-ideal as follows: 

Py = {(x Vey eRe) 4: 2EAg ae Ay} 

Theorem 2: 


Let Pp = (Ap + Ay) be a two-fold ideals of Ry, (J), then: 


B * C E€ P 
Fr) Fr) i ;where B.C € P, .r € R() 


Tr (r) ° Brive) € Pr 


Definition: 

Let g: RI) ~ RC) bea ring homomorphism, we define: 
P1(Broy) = (Beg) 5 Pr? Ry, > Ry, 
The mapping @, is called two-fold homomorphism. 

If » is anisomorphism, then @, is called two-fold isomorphism. 
Theorem 3: 

Let @, be two-fold homomorphism, then: 

1] 9(0.) = 00 . 91) = 

2] 01(By, cB) * Cricy) = 9,(B)* ,(C) 

3] gBOC)= 9(B)° 9,(C) 

4] g,(-B) =— 9/(B) 


1 1 ‘ F . 
5] 01 (5) =p ; B is invertible. 


6] ke,( @;) is anideal of R,,(). 
7] Im€ @) is asubring of R,,(/). 


8] If Pr is anideal of RU), then g;(P;) is an ideal. 
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9] If Pe is an AH-ideal of RU), then @,(Pr) is an AH-ideal. 
Definition: 


Let g;: Rp,Z) > R-,W) .¥: Ry, GC) > Ry, WZ), we define: 


g, XY: R,y,() > R,,() such that: g, x ¥,(By,ca)) = 91%; (Bye) 
Theorem 4: 

Let g;.;: Ry,U) > Ry, be two-fold homomorphisms, then: 

1] gy, x ¥; is two-fold homomorphism. 

2] if p;.\¥; are two isomorphisms, then @,; x ¥; is an isomorphism. 
Definition: 


Let Pr be an ideal of R,,(), then: 


Re,()/Pr = {Br,(e)° Pr 3B € R()} is called the factor of Pr. 
Theorem 5: 
Let Pr be anidealof R,,(), then: 
(R;U)/Pr , *’, °')is a ring, with: 
«IR, ()/Pr xX RyW)/Pr > RW) /Pr 
O'R) /Pr x RyW)/Pr > RW) /Pr 
ae © Pr) *" (Cp,¢c) 0 Pr) = (B*C) © Pr 
(Br,ca) © Pr) &' (Cyc) © Pr) = (BOC) © Pr 
Theorem 6: 
Let R,;(/)/Pr be the two- fold factor ring of Pr, then: 
If S/Pr is anideal of R,;U)/P, , then S is an ideal of R;(/) and contains (P). 
Theorem 7: 
Let @, be two-fold homomorphism, then: 
Re W)/KerC G1) = ImC Pd) 
Proof of theorem 1: 
Let B= bo +bl .C=cyo+cl .D=d)y+d,!I € RU), then: 
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1] Brey * Cec) = Bt Operey = (C+ Bpc+ay = Gyo * Bre) 
Brey © Cyc) = (BC) ¢,(Be) = (CB) ¢,¢cB) = Cpe) © Bev) 
2] Brey * (Cec) * Dep) = Brey * (C + D)¢(c40) = (B+ C+D) p(p4c4d) = 
(B+ OC) ppc) * Deo) = Bryce * Go) * Pro) 
Brice) © (Cp,¢c) © Decoy) = Bryce) © (CD) f,(cv) = (BCD) (eed) = (BO) ¢,c8c) * Pg v) 
= (Bray ° CF ,(c)) ° Peo) 

3] Brgy * Oo = (B +°)¢,(p40) = By (py 

Bre) 011 = (Be Dy ety = Bryce) 
4] Brey ° (Cec) * Decoy) = Brice) © CC + DD ¢(c40) = (BC + BD) (e048) = 
(BC) ¢,(ec) * BD) can) = (Bryce) © Gyccy) * Brivey ° Ppicoy) 


5] The inverse of (x + WI) pj(x+yr for (*) is: (—x — YI) ¢,(-x-y1) 


1 1 


5 z 1 
6] The inverse of (x + yl) ¢,(x+y1 for (9) is: (= ny nf Coo >), (41-4) 
IN ty x 


Proof of theorem (2): 


Let .C €P .r€RQ() , then: 


{? +CEP 

r-BEeP 

So that: + C) recy = Brcey * Cp, (c) © Pr 
Trr) ° Brie) =(r: B) F(r-B) € Pr 


Proof of theorem (3): 


1 P1 (00) = (P(0)) F,(p(0)) = 00 
gy; (14) = (90) Fey) =1, 


2] (1 (Bye) * Cyc) = P1(B + C) pec) = (CB) + 9(C)) F108) +000)) = 
?(B)>,(o(B)) * O(C) F(g(c)) = 1 Brey) * O10 Crccy) 

3] P1(Bre) ° Sec) = Pr (BC) fc) = (PB)PCO) ¢,@@ocey = YP) f,(o@) © 

PC) r(pcy) =P © Bre) ° OC Gyo) 


4] 1 ((—B) ¢,(-B)) = (-9(B)) ¢,(-oce)) = —9(B) ¢,((8)) = —9(By,(B)) 
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5] It can be proved by the same. 

6] Ker( 91) = (ker 9)f, = {Bye 3 BE Ker @}, which is an ideal of R,,(/), that 
is because (ke, yg) isanidealof RQ(J). 

7] In€ @) =Umn ) 5, = {By,(B): BElIm }, which is a subring of Ry, CZ), that is 
because (I, ) isasubringof R(J). 

8] 9, (Pr) = (@(P)) f, = {(~B) p08): B EP}, and it is an ideal of R;,(/) 
because @(P) is an ideal. 


9] It can be proved by the same. 


Proof of theorem (4): 
1] @; x W,(By,cp)) = P1(¥(B)) -, (we) = (p¥(B)) ¢,(o¥(B)) 
Thus 9; x ¥; (Bye) * Crccy) = (P¥(B + C)) ¢, (ova) = (PPB) + 


PP (C)) ¢,(pw(B)+o¥(O)) = [p,*¥,(B)] °[g, * ¥,(C)]. 
2] It holds directly from the definition. 


Proof of theorem (5): 

(Br,cwy © Pr) *" (Cy,(c) © Pr) = (B *C) © Pp = (C * B) O Pr 
= (Cyc) © Pr) *" (Brey © Pr) 

(Br,cwy © Pr) &" (Cyc) © Pr) = (BOC) © Pr = (C OB) © Py 
= (Cyc) © Pr) 0" (Bycay © Pr) 

(Bryn) © Pr) *" [(Cyc) ° Pr) *” (Drew © Pr) = (B * C * D) pyasce) © Pr 
= [(Brcey © Pr) *" (Cree) 2 Pr) *” (Dp) © Pr) 

(Bray © Pr) © [(Crcc) © Pr) ©" (Dpcoy © Pr)) = (BOC © D) pwc) © Pr 
= [(Brca © Pr) &' (pce) 2 Pr)1 2’ (Dyycoy © Pr) 


(By,(py © Pr) *” (—By,cp) © Pr) = 00 © Pr. 
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(Brey © Pe)" [(Cr,cc) © Pr) *” (Dp,wy © Pr) | = (Bryce © Pr)” [(C * D)¢,cev) © Pr] = 
[(Br,ca) © Pr) ©! (Cpycey © Pr) *" [(Brycwy © Pr) © (Dyn) © Pr JI. 
(Bre) . Pr) *' (0. 0 Pr) = Brice) © Pr, 


(Bye) © Pr) 0! (1, 0 Pp) = By(B) © Pr. 

Thus (R;(/)/Pp .*’.0’) is a commutative ring with unity. 
Proof of theorem (6): 

Assume that S/P, is an ideal of R,(/)/P,;, then: 

S ¢& R(J) is anideal, with PCS. 

Proof of theorem (7): 


Since RU)/ke, (9) = Im (@), we can write: 


Rr, )/(Ker(@)) ¢, = Um(@)) ¢,, thus: 


Rp, C)/Ker( ~1) = Tak YQ) 


Example: 
f(0) =0 
fli) =1 
f= ilxl>1 
f(x) = Ix] ;0<I|xl<1 


Consider f:R — [0.1] ; 


For B=3+21e RW). Baw) = +2/: 
For C=2+57e RQ). Chic) = (2+ 51s ; 
Bee ys Taye a BOC S(O 294 
SSCS See 2 SCS 2=bii 
Conclusion 


In this paper, we have defined and study for the first time a two-fold algebra over 
neutrosophic real number ring by merging the fuzzy set mapping with the 


algebraic operations of the neutrosophic real number ring. 
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Also, we studied the elementary algebraic properties of the defined two-fold 
algebra through its algebraic operations and_ substructures such as 
homomorphisms and ideals. 
In the future, we aim to generalize our study to other neutrosophic algebraic 
structures. 
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